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Abstract

Let (A, m) be a local ring of dimension n. The Canonical Element Conjecture

asserts that the following canonical map
Ext} (A/m, Syz,,(A/m)) — Hy (Syz,(A/m))

is nonzero. The conjecture has been answered in the affirmative when A contains
a field, when the dimension of the ring is 3 or less, and in several other special

cases. In [8], Dutta shows that if the canonical map
Extly(A/m, Syz;(A/m)) — H}, (Syz;(A/m))
is nonzero, then for 0 < j < 4, the canonical map
Ext’y (A/m, Syz;(A/m)) — Hi, (Syz;(A/m))

is nonzero. We utilize generalized local cohomology and study the following
map:
Extly (M/mM, Syz,(M/mM)) — Hy, (M, Syz,(M /mM))

We prove that if the Canonical Element Conjecture is true, then the above map
is nonzero for all nonzero finitely generated A-modules M when 0 < i < n.
Moreover, we prove that given any nonregular local ring (A, m) and any i >
0, there exists infinitely many finitely generated A-modules M such that the

canonical map
Ext’y (M/mM, Syz,(M/mM)) — Hi, (M, Syz,(M/mM))

is nonzero. This result holds irrespective of the validity of the Canonical Element

Conjecture.
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Introduction

The Canonical Element Conjecture asserts the following:

Conjecture (Hochster [21]). Given a local ring (A, m) of dimension n, the

canonical map
Ext’y (4/m, S,) — Hy (Sh)

is nonzero, where S,, = Syz,, (A/m).

The canonical element, from which the conjecture draws its name, is the
image of the identity map on S,,, denoted by 1g, , in H}(S,). The conjecture
asserts that this element is nonzero. For several other equivalent forms of this
conjecture, see Section 2.2.

In [5], Dutta discovered a beautiful interpretation of the Canonical Element
Conjecture: Let (A, m, k) be local ring of dimension n and consider a minimal

free resolution of k:
o b, —F,_ 41— - — FN—F—k—0

Let S; = Syz,(k) and break this resolution into short exact sequences:

Sn Fn—l Sn—l 0
Snfl Fn72 Sn72 0
0 S1 Fy k 0

Apply the functors Hom 4 (k, —) and HY (—) to each of the short exact sequences
above. Looking at the connecting homomorphisms of the long exact sequences
of the corresponding derived functors, one obtains the following commutative
diagram, where n = dim(A) and S; = Syz,;(A/m):

O — Op—
k=2 Bt (k, S1) — -+ 2 Ext Lk, Sy )~ Ext’y (k, S,)

o Pl ) 7 Pnl 7 Pn (1.1)

67171

Hgil(snfl) ? Hg(sn)

The Canonical Element Conjecture states that the map 4,, is nonzero. The
canonical element as mentioned above is in fact the image of 1 € k£ pushed

through the diagram above. Moreover, one sees that if ¢, is nonzero, then 1; is



nonzero for all 0 < i < n. In [8, Theorem 3.2, Dutta showed that ¢J; is nonzero
for0<i<n—1.

Due to the vanishing of local cohomology modules above the dimension of
the ring, the diagram ends in degree n. Instead of considering local cohomology

modules, generalize the idea of local cohomology as follows:

Definition. If (A, m) is a local ring with finitely generated A-modules M and
S, the ith M-local cohomology of S with respect to m is defined as:
H: (M, S) := lim Ext’y(M/m'M, S).

iy
t

These modules were first studied by Grothendieck in [15, Exposé VI]. They
were also studied by Herzog in his thesis [17]. Recently, these modules have
attracted the interest of others as well. From the work of Suzuki [28] and Herzog
and Zamani [18], one finds a result of critical importance: If an A-module M has
infinite projective dimension, then H (M, S) might not vanish for i > dim(A).
Thus given a local ring (A, m) and a finitely generated nonzero A-module M,

we may construct a commutative diagram similar to (1.1) above:

0 8o 1 51 Gi—2 1 0i—1 L5
Jﬂo J'ﬂl Jﬂil J/ﬂi
go gl E'L72 . 31'71 . 51
0 1 e i—1 7
H H H H

Here E' = Ext%(M/mM,S;), H* = H! (M, S;), S; = Syz;(M/mM), and the
vertical maps are from the definition of Hi (M, —). Since E° is an A/m vector
space and its generators are preserved by the §;’s, the commutativity of the
diagram shows that if ¥; is nonzero, then ¢; is nonzero for 0 < j < ¢. Hence,

we choose to study the following canonical maps
Ext’ (M/mM, S;) — Hi (M, S;),

where M is some finitely generated A-module of infinite projective dimension.
Our main goal is to study the nonvanishing criteria for this map, for all ¢ > 0,
in the light of the Canonical Element Conjecture.

In Section 3.1 of this thesis, we start to investigate the map mentioned above.

In particular, we prove the following proposition:

Proposition 4.1. Let (A, m) be a local ring, then
Ext’y(A/m, Syz,(A/m)) — Hi (Syz;(A/m)) is nonzero
if and only if for all nonzero finitely generated A-modules M

Ext’y (M /mM, Syz;(A/m)) — H: (M, Syz;(A/m)) is nonzero.



When n = dim(A), we see that the validity of the Canonical Element Con-

jecture and the above corollary imply that the map
Exty (M/mM, S,) — H (M, S,)

is nonzero for all nonzero finitely generated A-modules M. From this result and
the work of Dutta in [8, Theorem 3.2] and [11, Theorem 1.2], we obtain the

following theorem:

Theorem 4.3. Let (A, m) be a local ring. For all nonzero finitely generated

A-modules M the canonical map
ExtY (M/mM, S;) — H (M, S;)

is nonzero for 0 < i < n — 1, where S; = Syz;(M/mM).

Additionally, we give a direct proof of the above theorem. While the proof
we give is similar to the proofs of [8, Theorem 3.2] and [11, Theorem 1.2], there
are some illuminating differences. We will discuss this in detail later.

In Section 4.2, we would like to address the following questions: Consider
a local ring (A, m) of dimension n where the validity of the Canonical Element

Conjecture is unknown. Do there exist A-modules M such that the map
Ext’y (M/mM,Syz, (M/mM)) — H} (M, Syz,,(M/mM))

is nonzero? Moreover, can we find A-modules M such that the map
Ext’ (M /mM, Syz,(M/mM)) — H: (M, Syz;(M/mM))

is nonzero even when ¢ > n? We answer these questions with the following

theorem:

Theorem 4.4. Let (A, m) be a local ring which is not regular and let (P, pe)
be a minimal free resolution of some finitely generated A-module @) of infinite

projective dimension. If M = Coker(p}) for some i > 2, then the canonical map
Ext’ (M/mM, S;) — Hi (M, S;)

is nonzero, where S; = Syz,(M /mM).

As a corollary, we show that in the case where A is a Gorenstein ring that
is not regular, there are infinitely many isomorphism classes of A-modules M

such that the map
Ext’ (M/mM, Syz;(M/mM)) — H (M, Syz;(M/mM))

is nonzero for all 7.



Now consider [6, Theorem 1.1]:

Theorem 1.1 (Dutta [6, Theorem 1.1]). Let A be a ring of dimension n
and depth d < n. Let

L.: _>LZL>L1_1—>—>L1£>LQ—>O

be a minimal complex of finitely generated free A-modules such that:
(1) Ho(Ls) # 0.
(2) £(H;(Ls)) < o0 for all i.
(3) Hi(Ls) =0 fori>n—d.

Then Coker()\;) cannot have a free summand if i > 1 and i # n. Moreover
Coker(A,,) cannot have a free summand if and only if the Canonical Element

Conjecture holds.

Given an arbitrary complex satisfying conditions 1, 2, and 3 above, it is
extremely difficult to determine whether Coker(\,) has a free summand. In the
following theorem we use a similar technique as used in the proof of Theorem 4.4,
to prove the existence of a large class of such complexes such that Coker(\,,)

cannot have a free summand.

Theorem 4.6. Let (A, m) be a local ring of dimension n and depth d such that
n —d > 1. Then there exists infinitely many isomorphism classes of complexes

of finitely generated free modules
)\i )\1
L,: o— L —Li 41— ---— L1 — Lyi—0

such that:
(1) Ho(La) £0.
(2) ¢(H;(Ls)) < 0.
(3) Hi(Ls) =0 fori >n—d.
(4) Coker(\,,) does not have a free summand.

In light of Theorem 1.1, the Canonical Element Conjecture is equivalent
to proving that every complex that satisfies conditions (1), (2), and (3), also
satisfies condition (4) above. While Theorem 4.6 shows that there are infinitely
many isomorphism classes of complexes satisfying these conditions, we would
like to find more. Currently, we are working to expand the class of complexes
for which conditions (1), (2), (3), and (4), are known to hold.



Background

Throughout this work, (A, m, k) will denote a local ring, where m is the max-
imal ideal and &k = A/m. Note that we will always insist that local rings are

Noetherian.

2.1 Preliminary Material

We will start by giving some basic definitions and results. Each of these concepts
is essential to the work that proceeds them. More information can be found in
[27], [3], and [4].

2.1.1 Dimension Theory

Definition. A chain of A-modules
M=My2 M 2---2 M, = (0)

is a Jordan-Ho6lder chain, also known as a composition series, if for each

i, M;/M;+1 ~ A/m for some maximal ideal m in A.

It is not difficult to show that each composition series for M has the same
length.

Definition. The length of an A-module, denoted by £4(M), is the length of

a composition series for M. That is, if
M=My2 M 2---2 M, = (0)

is a composition series, then £4(M) = n.

Definition. If A is a ring, the Krull dimension of A, denoted by dim(A), is
defined as

there exists po € p1 € -+ € pg

dim(A) = sup {d : = } .

" where each p; is a prime ideal of A

Often the Krull dimension of a ring is simply referred to as the dimension of

a ring. If M is an A-module, then

dim(M) := dim(A/ Ann(M)).



An idea closely related to the dimension of a ring is the notion of a system

of parameters:

Definition. Let A be a local ring and M be a finitely generated A-module of

dimension n. Then any sequence z1,...,z, € m such that
UM/(z1,...,20)M) < 0

is called a system of parameters of M.

The next theorem which is part of the Dimension Theorem, see [27, Theorem

IT1.B.1], makes this connection explicit:
Theorem 2.1. Let A be a local ring and M a finitely generated A-module. If

there exists x1,...,xqy € m such
s(M) :=inf<d: ,
that {(M/(x1,...,2q)M) < 0

then
dim(M) = s(M).

2.1.2 Homological Methods

Definition. Let A be a ring, by a complex, we mean a sequence of A-modules

and A-module homomorphisms

dnt1 dn,
cee—s n+1n_>Xn_>Xn71_>...

such that d,, od,—1 = 0 for all n € Z. We denote a complex by X,.

Definition. If X, is a complex of A-modules, then the nth homology of X,
is Ker(d
H,(X,) = M_
Im(dn_;,_l)

Definition. Let X, and Y, be two complexes over a ring A. A map of com-

plexes
fo: Xe =Y,

is a collection of A-module homomorphisms such that the diagram below com-

mutes:

X ax
n+1 "
s X1 Xn-1

n
fn+1J/ fnJ/ fnlJ/
Yo

e Yoq Y1

Y

Y
n+1 dn

One should note that given a map of complexes, fo : Xo — Y,, we obtain a



collection of homomorphisms:

fi : Ker(dX) — Ker(d)).
fi: Im(di% 1) — Im(d},q).

H,(fe): Hy(Xe) — H,p(Ys).

From a given map of complexes, we can form a new complex, one that is

crucial to the later theorems of this thesis:

Definition. Given a map of complexes f, : Xo — Y,, the mapping cone of

fe is the following complex:
= XY — X 10— X 20Y 1 — -
where the degree i part is X;_1 @ Y; and the differentials are defined as follows:

di : X;10Y; - X; 2®Y,
((E,y) = (_dfil(x)7d2/(y) - fi—l(x))
Definition. Given a complex X,, X,(j) is used to denote a shift, where
Xi(j) = Xiyj-
Proposition 2.2. Given a map of complexes fo : Xo — Y,, let Cq be the

mapping cone of fo. Then there is a short exact sequence of complexes:

0 Y, C. Xeo(-1)——0

Yyr——(0,y)

(e.g) > a

The above short exact sequence of complexes induces a long exact sequence:
H;(fo)

) ==

s Hy(X. Hy(Y) — Hi(Cy) — -

For a proof, see [3, §2.6].

Definition. Two maps of A-complexes

fo: Xe =Y,
o : Xe — Y,

are called homotopic if there exist A-module maps h,, : X;,, — Y11 such that



in the diagram below

dX, . dX
n n
Xn+1 Xn Xn—l
h hn—1
fn+1JJ/gn%nJ/Jgn fnlJ/J/gnl
YnJrl o Yn o Ynfl
n+1 n

we have
dz.fl Ohn"'hnflodf = fn_gn

for all n € Z. We denote this by fe ~ ge.

Definition. An A-module P is projective if any of the following equivalent

conditions are met:

(1) Given any right exact sequence M — N — 0 of A modules and a homo-
morphism ¢ : P — N, there exits ¢ : P — M such that the diagram

below commutes:

(2) Homy (P, —) is an exact functor.

(3) Every short exact sequence 0 — M’ — M — P — 0 is split exact.

(4) There is a free module F' such that F'~ P @ @ for some A-module Q.
From [27, Proposition IV.C.20] we obtain the following:

Proposition 2.3. If A is a local ring and M is a finitely generated A-module,
then M is projective if and only if M is free.

Definition. If M is an A-module, a projective resolution of M is a complex

of projective modules P, and a map 7 : Py — M such that
d2 dq ™
i PP — FPhp— M—0

is exact.
Of particular importance are the following resolutions:

Definition. Let (A, m, k) be a local ring and M be a finitely generated A-

module. A complex F, is a minimal free resolution of M if:
(1) Each F; has finite rank.
(2) m: Fy - M and Ker(m) C mFy.

(3) Im(dz) = Ker(difl) CcmF;_q.



Let (A,m, k) be a local ring and M be a finitely generated A-module. In

practice, one constructs a minimal free resolution of M as follows: Set

Bo = ranky (M /mM),
S; = Ker(A4% — M),

and inductively define

51' = rankk(Si/mSi),
Si+l = Ker(ABi — Sl)

Now we may inductively write the exact sequences:

0—S — A% - M -0,
0—>Si+1—>Aﬁi—>Si—>O.

The integers (3; are called the ith Betti numbers of M and the A-modules S;
are referred to as the ith syzygies of M. The rather mysterious word syzygy
means yoke. After putting the above exact sequences together, we can see why
syzygy is a good term to use for the S;’s, as each S; is connecting two free

modules via A-module homomorphisms:

O\S /0
i 4

7777777 S AP — — = — 5 AP T M — 0
\S/
1
0/ \0

The d;’s above are formed by taking the composition A% — S; — APi-1 while
7 is the canonical surjection. Hence we obtain a free resolution of M, that is a

long exact sequence of free modules ending at M:
ey ABs 3 pAB2 A2 aB D pBo Tar

Note that the conditions that A is local and Noetherian, are critical for this
construction.
The following proposition is of crucial important for the work in this thesis,

for a proof see [3, §3.1]:

Proposition 2.4. Let f : M — N be a homomorphism of A-modules. Suppose



we have a complex P,, where each P; is projective and Hy(Ps) = M:
- P =P 4 —--—=P—=F—0
Additionally, suppose that we have an exact complex:
= Qi = Qi1 — = Q1= Qo — N—0

Then there exists a map of complexes fo : P — Qo lifting f. Moreover, if go is
another lift of the map f, then fo ~ go.

Ext Modules

Consider any projective resolution of an A-module M:
do dy ™
h— PP — FPp— M—0

Apply the functor Hom4(—, N) and remove the term Hom 4 (M, N) to get the
complex Hom 4 (P,, N):

* *

0-%, Hom(Py, N) -5 Homu(Pi, N) -2 Homy(Ps, N) — ---

where dfj := 0. We now define:

‘ ‘ Ker(d}
Extly (M, N) := H'(Homa(Ps, N)) = ﬁ

Proposition 2.5. Given a ring A and an A-module N, Extil(—, N) is the left
derived functor of the left exact contravariant functor Hom 4 (—, N). Explicitly,

given an exact sequence of A-modules,
0—-M —M-—M'"—0
we obtain a long exact sequence of Ext’s:
0 — Ext%(M",N) — ExtY (M, N) — Ext (M’',N) — Exty(M" ,N) — ---

For a proof, see [3, §5.4].

Definition. Given a ring A and an A-module M, the projective dimension
of M is defined to be:

pd 4 (M) := inf{n : there exists a projective resolution of M of length n}.

Recall that
0O—PFP,—-P1— =P —-F—-M-=0

is a resolution of length n if it is an exact complex and each P; is projective.

10



Proposition 2.6. If A is a ring and M is an A-module, then the following are

equivalent:
(1) pd(M) < n.
(2) Ext’y(M,N) =0 for all A-modules N and for all i > n.
(3) Ext’y™ (M, N) = 0 for all A-modules N.
For a proof, see [27, Section IV.C].

Definition. An A-module F is injective if any of the following equivalent

conditions are met:

(1) Given any left exact sequence 0 — M’ — M of A-modules and a homo-
morphism ¢ : M’ — E, there exits ¢ : M — F such that the diagram
below commutes:

0—— M —— M

(2) Homy(—, E) is an exact functor.
(3) Every short exact sequence 0 — E — M — M" — 0 is split exact.

Definition. Given a ring A and an A-module M, the injective dimension of
M is defined to be:

ida(M) := inf{n : there exists an injective resolution of M of length n}.

Recall that
0—-M—-E"-E'—-... 5 E"! - E" -0

is a resolution of length n if it is an exact chain complex and each E? is injective.

Proposition 2.7. If A is a ring and N is an A-module, then the following are

equivalent:
(1) ida(N) < n.
(2) Exty (M, N) = 0 for all A-modules M and for all i > n.
(3) Ext’y™ (M, N) = 0 for all A-modules M.
(4) Ext’y™ (M, N) = 0 for all finitely generated A-modules M.
For a proof, see [27, Section IV.C].

Definition. Given a ring A and an A-module M, z1,...,x, € A is called an

M-sequence if the following hold:

(1) We have that (z1,...,2,)M # M.

11



(2) The element z; is a nonzerodivisor on M.
(3) For each i > 1,

M . M
—
(xl,...,$i_1)M (:vl,...,:vi_l)M

is an injective map; that is, x; is a nonzerodivisor on M/(x1,...,x;i—1)M
for1<i<n.

Proposition 2.8. Let A be a Noetherian ring, M be a finitely generated A-
module, and I be an ideal of A such that IM # M. The following are equivalent:

(1) Ext’y(N, M) = 0 for all i <n and for all finitely generated A-modules N
such that Supp4(N) C V(I) = {p € Spec(4) : p D I}.

2) Ext%(N,M) = 0 for all i < n for some finitely generated A-module N
( A y &
where Supp 4(N) = V(I).

(3) There exist x1,...,x, € I which form an M-sequence.
For a proof, see [4, Proposition 1.2.10].

Definition. Let A be a Noetherian ring, M a finitely generated A-module, and
I an ideal of A such that IM # M. Then we define the I-depth of a module

as:

depth; (M) :=inf{i : Ext(A/I, M) # 0},

= length of maximal M-sequence in I.

If A is a local ring with maximal ideal m, then depth,, (M) will be abbreviated
by depth(M).

The next theorem connects the notion of depth and the notion of projective

dimension:

Theorem 2.9 (Auslander-Buchsbaum Formula). If A is a local ring and

M is a nonzero finitely generated A-module of finite projective dimension, then
pd(M) + depth(M) = depth(A).

For a proof, see [4, Theorem 1.3.3]

Proposition 2.10. If
0— M - My — Mg —0

is a short exact sequence of finitely generated A-modules. Set d; = depth;(M;).
Then:

12



(1) d1 2 min{dg, d3 + 1}
(2) d2 2 min{dl, dg}
(3) d3 2 min{d1 — 1, dg}

For a proof, see [27, Proposition IV.B.8§]
The next proposition tells us the relationship between an M-sequence and

a system of parameters:

Proposition 2.11. If A is a local ring, every M-sequence is part of a system

of parameters for M.

For a proof, see [27, Proposition IV.A.7]. Thus we see that given a local ring
depth(M) < dim(M). At this point we can describe some important types of

rings.

Definition. If (4, m) is local, A is a regular local ring if
dim(A4) = p(m) = {the minimal number of generators of m}.
Example 2.12. Let k be a field and V' be a discrete valuation ring, then both
klx1, ..., 20 and Viz1,. .., z.]

are regular local rings.

Definition. A local ring is called a complete intersection if it is of the form

Af(z1,... )

where A is a regular ring and 1, ..., z, an A-sequence.
Example 2.13. Let k be a field, then

kllz1, z2]]
(=)

is a complete intersection ring.

Definition. A local ring is called a Gorenstein ring if it has finite injective

dimension as a module over itself.
Example 2.14. Let k be a field, then k[[x?, 23] is Gorenstein.

Definition. A local ring is called Cohen-Macaulay if its depth is equal to its

dimension.

Example 2.15. Let k be a field, then k[[x®,x*, 2% is Cohen-Macaulay.

13



We have the following implications for local rings:
Regular Local = Complete Intersection = Gorenstein = Cohen-Macaulay

None of these implications can be reversed, see [4, Chapter 3].

2.1.3 Local Cohomology

In the 1950’s, Grothendieck developed a powerful tool called local cohomology.
We will give a very brief description of local cohomology modules and their

properties. More information can be found in [14].

Definition. Let A be a Noetherian ring, M an A-module and I an ideal of A.
We define the ith local cohomology of M with respect to I by

Hj (M) := lim Extly (A/I', M).
t

Unfortunately this definition tells us next to nothing about what local co-

homology really is. Here is a more understandable definition:

Definition. Let A be a Noetherian ring, M an A-module and I an ideal of A.
We define the ith local cohomology of M with respect to I as the ith derived

functor of the left exact functor:
L;(M)={x€M:I'r =0 for some t > 0}.
Explicitly, this means that given an exact sequence of A-modules,
0—-M —-M—M'—0

we obtain a long exact sequence of local cohomology modules with HY (M) =
F[ (M)
0 — Hy (M") — Hy (M) — Hy (M') — Hy (M") — -

Theorem 2.16 (Vanishing). If (A, m) is local and M is a finitely generated
A-module, then

inf{i : H., (M) # 0} = depth(M) < dim(M) = sup{i : H:, (M) # 0}.

For a proof, see [14, Theorem 3.8 and Proposition 6.4].

2.2 The Homological Conjectures

2.2.1 History and Origins

The Homological Conjectures are a set of conjectures and theorems that have
their roots in the works of Serre [27], Auslander [1], Bass [2], Peskine and

14



Szpiro [23], and Hochster [19]. In his classic text, Local Algebra, Serre proves

the following theorem:

Theorem 2.17 (Serre [27, Chapter V]). If A is a regular local ring with
finitely generated A-modules M and N such that {(M ® 4 N) is finite, then

dim(M) + dim(N) < dim(A).

Recall that the condition ¢(M ®4 N) < oo is equivalent to saying that
dim(M ®4 N) = 0, which is equivalent to Supp(M) N Supp(N) = {m}. We
should also remark that it is difficult to relax the condition that A is regular
and still obtain the same result. To see this, consider the complete intersection

ring
A=k[X,Y,UV]/(XU-YV), M=A/(X)Y), N=A/(UYV).

Now dim(M) = dim(N) = 2 but dim(A4) = 3, and so the the theorem above
does not hold.

In [23], Peskine and Szpiro generalized this theorem. Recall the Auslander-
Buchsbaum Formula, Theorem 2.9. By Serre’s Theorem, if A is a regular local
ring and (M ®4 N) is finite, then

pd(M) + depth(M) > dim(M) + dim(N).
Thus we see that:
pd(M) > dim(N)

Thus we are led to the Intersection Theorem, first stated in [23] by Peskine and

Szpiro:

Theorem 2.18 (The Intersection Theorem). Let A be a local ring and
let M and N be finitely generated A-modules where M has finite projective
dimension and M ® 4 N has finite length, then dim(N) < pd(M).

In [23], Peskine and Szpiro proved the Intersection Theorem in the following

cases:
(1) The characteristic of A is a prime number p.
(2) A is essentially of finite type over a field of characteristic 0.

(3) A is ind-étale over a ring which is essentially of finite type over a field of

characteristic 0.
Recall that A is ind-étale when:
(1) For each «, B, is local and essentially finite type over a field.

(2) B, — B, is the localization of an étale map.
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(3) A=limB,.

Moreover, Peskine and Szpiro showed that when the conclusion of the In-
tersection Theorem holds, the following conjectures of Auslander [1, Section 4]

and Bass [2, Section 3] are answered in the affirmative:

Conjecture (Auslander). Let A be a local ring. If M is a nonzero finitely
generated A-module of finite projective dimension, then every M-sequence is an

A-sequence.

Conjecture (Bass). If A is local and M is a nonzero finitely generated A-
module such that id(M) < oo, then A is Cohen-Macaulay.

Now if we consider a minimal free resolution of a finitely generated module
over a ring for which the Intersection Theorem holds, and a finitely generated
A-module M such that /(M ®4 A/p) < oo, we may write

0— Aln ... 5 A 5 M — 0

and then apply — ®4 A/p to obtain a finite complex of finitely generated free
A modules of length n = pd(M)

F, : 0-A" = ... A —o.
Since /(M ®4 A/p) < oo, we have
(L (F.)) = (Tor (M, A/p)) < oo,

then by the Intersection Theorem dim(A/p) < n. Hence we are led to the New
Intersection Theorem, first stated by Peskine and Szpiro in [24]:

Theorem 2.19 (New Intersection Theorem). Let (A, m) be a local ring
and
F,: 0—=F,— -—F—0

be a complex of finitely generated free modules with Ho(Fs) # 0. If {(H;(F))
is finite for i > 0, then dim(A4) < n.

Around 1975, Peskine and Szpiro [24], and Roberts [25], independently
proved the New Intersection Theorem for all local rings of positive characteris-
tic. In [20], Hochster proved the conjecture for all rings containing a field. Later
n [26], Roberts used Intersection Theory a la Fulton to prove the theorem in
the mixed characteristic case. Since the New Intersection Theorem implies the
Intersection Theorem, this settles the validity of the Intersection Theorem for
all local rings.

In [12], Evans and Griffith implicitly proved what is known as the Improved
New Intersection Conjecture for all local rings containing a field. It was stated

explicitly by Hochster in [21]:
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Conjecture (Improved New Intersection Conjecture). Let (A, m) be a
local ring and
F, : 0—F,—---—Fy—0

be a complex of finitely generated free modules. If ({(H;(F,)) < oo fori > 0
and Hy(F,) has a nonzero minimal generator killed by a power of m, then
dim(A) < n.

It is clear that the Improved New Intersection Conjecture (INIC) implies the

New Intersection Conjecture (NIC). Hence from all this we see that:

(Auslander)

~

(Bass)

(INIC) == (NIT) = (IT)

Where (IT) stands for the Intersection Theorem, (Bass) stands for Bass’ Con-

jecture, and (Auslander) stands for Auslander’s Conjecture.

2.2.2 The Equational Side

If A is a normal domain of characteristic zero containing the rationals and B is
a module finite extension of A, 1 : A < B, then ¢ splits as an A-module via the
trace map. In [19], Hochster proves a similar situation for regular local rings of

positive characteristic and conjectures the following;:

Conjecture (Direct Summand Conjecture). If A C B are rings, where A
is a regular local ring and B is a module finite A-algebra, then A is a direct

summand of B. In other words A — B splits as an A-module map.

In [19], Hochster points out that it is difficult to relax the condition that
A is a regular local ring in the conjecture above. For example, consider A =
k[u?,v?,u3 + v3], where k is an algebraically closed field of characteristic 2.

Constructing a k-homomorphism
¢ klz,y,2] » A,

via

z»—>u3+v3,

we have Ker(p) = (23 + y3 — 22), so we have that A is a complete intersection

ring and it is seen easily that A is integrally closed. However, in A

ud + 0 ¢ (u?,v*)A
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but in k[u,v], an integral extension of A,
(u® 4+ v3) € (u?,v*)k[u,v].

Thus (u?,v?) is not a contracted ideal and hence A is not a direct summand of
klu,v].

In [19], Hochster proved the Direct Summand Conjecture in the equicharac-
teristic case. Moreover, Hochster showed that the Direct Summand Conjecture

is true if and only if the equation
(Xy- X)) =) VXt =0
i=1

has no solutions (z1,...,Zn, Y1, .., Ys) in any local ring B such that x4, ..., 2,
is a system of parameters for B, where ¢ > 1. In [20], Hochster states this

formally as the Monomial Conjecture:

Conjecture (Monomial Conjecture). If B is a local ring with a system of

parameters x1,...,x, then for allt > 1

(1 ---:10,1)*1 ¢ (ah, ... 2h).

In [21], Hochster proved that the Direct Summand Conjecture, and hence
the Monomial Conjecture, implies the Improved New Intersection Conjecture.
These statements demonstrate why we refer to this section as the equational

side of the Homological Conjectures.

2.2.3 A Further Abstraction

In the 1970’s, Hochster formulated the following conjecture:

Conjecture (The Canonical Element Conjecture). Let (A, m, k) be a local
ring, x1,...,x, a system of parameters, and P, a projective resolution of k. If
e denotes a lift of the canonical surjection 7 : A/x — k, then ¢, : A — P, is

nonzero.

00— Kp(x) —— - —— Ko(x) A/x 0
J/San J/SDO lﬂ'
P, Py k 0

Note that this result is trivial if A is regular. Henceforth we will assume
that A is not regular. Since given any two projective resolutions P, and @, of k&
there are maps P, — Qo — P, which lift to the identity, it suffices to consider

a minimal resolution of k. Moreover, if x is a system of parameters, then so is
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x'. Consider the following diagram, where F, is a minimal free resolution of k:

00— Kp(x) — - —— Ko(x) A/x 0
J/San J/SDO lﬂ'
F, Foy k 0

Examining the above diagram near degree n and setting S = Syz,, (k) we have:

0—— K,(x!) ————— K, 1 (x) —— -

l(ﬂn J/Sanl
Fn dn an 1
S

Applying Hom 4(—, S) to everything we obtain:

0 +— Homx (K, (x?), S) Hom g (K, _1(x),8) -
T@Z T‘P;l
- ¢ Homa(Fy, S) & Homu(Fy_1,8) ¢ -
HOIDA(S, S)
Look at: Ker(d: , )
er
Ext’} (k, §) = — 2+

Could 15 € Hom4(S, S) be in Im(d})? If so then we have a retract:

Thus we may truncate our minimal resolution of k at the nth spot, showing
that Tor,4+1(k, k) = 0 and thus our ring is regular, a contradiction. Hence we
see that:

Ext’ (k, S) — Ext’y (A/x",S)

15 — a nonzero element

In [21], Hochster shows that this line of reasoning leads to what turns out to be

an equivalent way of stating the Canonical Element Conjecture:

Conjecture (Equivalent Verison I). If (A,m,k) is a local ring and S =
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Syz,,(k), then the image of 15 in Ext’y(k, S) is nonzero in Exty (A/xt,S). Thus

Ext’y (k,S) — l'i)nEth(A/mt, S)=H}(S)
t

is nonzero. The image of 1g in HZ (S) is usually denoted na and is called the

canonical element.

In [5], Dutta presents yet another way of thinking about the Canonical Ele-

ment Conjecture:

Conjecture (Equivalent Version II). Let (A,m) be a local ring, Fe be a
minimal free resolution of A/m, and Go be a minimal free resolution of A/m*.
If p, denotes a lift of the canonical surjection 7 : A/m! — A/m, then ¢, : G, —

F,, is nonzero.

G, - Go Afmt 0
J/‘Pn J/SDO iﬂ'
F, . Fy A/m 0

At this point we will briefly sketch the proof that if a local ring (A4, m) is
Cohen-Macaulay, then the Canonical Element Conjecture holds for A. Suppose
that the Canonical Element Conjecture did not hold for A. Since A is a Cohen-
Macaulay ring, we obtain the following commutative diagram with exact rows

where L, is a minimal free resolution of Ext’y *(A/m¢, A):

An—
Ly~ Ly~ Ly g —— -+ — Ly — Ext™ " (A/m?, A) — 0
J anl J/an on J/
0 Go Gi =G — Gy /Im(7; 1) — 0

Il |

Ln—l — Ln_g D Ga — Ln_3 D GT — = szl —_— Im(ﬁ{) ——0

Then with notation as in the conjecture above, one could take p; =0 for i > n

and show that the following composition is zero:

Fy_y/Im(oy_y) — Ext}y~ (M/m'M, A) — G;,_y/Im(r;_;) — Im(r;)
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Moreover, since the above composition is zero, we obtain homotopy maps:

Fg Fy e By — Fy_y/Tm(o},_1) — 0

1 A | ]
J

G Gy e G — G/ Im(T_) —0

// /
o ST
4 %4

Ly 11— Ly o®G,— Ly 306G — - —Gp_ i ——Im(r}) ——0

This diagram can be used to show that Im(¢,,—1) = G§. However, by our first
diagram above, this will show that Coker(),) has a free summand. This cannot
be as L, is a minimal free resolution. The interested reader should compare the
above sketch to the proof given in [21, Theorem 2.7].

Hochster was interested in the Canonical Element Conjecture because he
could show that it implied all of the above mentioned conjectures, see [21]. In
[5], Dutta showed that the Improved New Intersection Conjecture implied the
Canonical Element Conjecture. Thus, the relationship between the conjectures
above is as follows

(MC) <= (DSC)

| ]

(CEC) <= (INIC)

Here (MC) stands for the Monomial Conjecture, (DSC) stands for Direct Sum-
mand Conjecture, (CEC) stands for the Canonical Element Conjecture, and
(INIC) stands for the Improved New Intersection Conjecture. In [21, Proposi-
tion 3.18, Remark 3.19], it is shown that the Canonical Element Conjecture can
be reduced to the case of a complete local normal domain. These conjectures
were proved in the equicharacteristic case by Evans and Griffith in [12] and by
Hochster in [21]. In the mixed characteristic case, special cases are shown in
[13, 22, 5, 6, 7, 8, 9, 10, 11]. Recently, in [16] Heitmann proved the conjectures
in the case where the ring is of dimension three.

In [8] and [11], Dutta takes a slightly different view. Given a local ring (A, m)

of dimension n, he chooses to study the canonical maps:
Exty (A/m, Syz;(A/m) — H, (Syz(A/m))

In [8] and [11], Dutta gives two different proofs of the following theorem:

Theorem 2.20 (Dutta). Let (A, m) be a local ring. The canonical map

is nonzero for 0 < i < n — 1, where S; = Syz;(A/m).
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It was this way of thinking that motivated much of the work of this thesis.
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Generalized Local
Cohomology

3.1 Basic Results

Generalize the idea of local cohomology modules as follows:

Definition. If (A, m) is a local ring with finitely generated A-modules M and
S, the ith M-local cohomology of S with respect to m is defined as:

H} (M, S) := lim Extly (M/m*' M, 5).
t

While these modules were first studied by Grothendieck in [15, Exposé VI],
they were not explicitly called generalized local cohomology modules. In his
thesis [17], Herzog seems to be the first to view these modules as a generalization
of local cohomology modules. These modules have attracted the interest of
others as well.

First we should note that

Hy (M, N) = lim Hom 4 (M/m*M, N)
~ li_rr>1HornA(A/mt,HomA(M7 N))
= HY (Hom 4 (M, N)).

Since Hom(M, —) and HY (—) are left exact, we have that H (M, —) is a left
exact functor. To compute Hi (M, N), one could consider an injective resolution
of N, 0 — N — I*, apply the functor of HY, (M, —), and take the cohomology.

To see this write:

H'(lim Hom 4 (M /m*M, I*)) = lim H' (Hom 4 (M /m" M, I*))
= lim Ext’y (M/m‘M, N)
=H! (M, N).
Along these lines we have the following proposition [28, Proposition 2.1]:

Proposition 3.1. If M is a finitely generated A-module and N is any A-module,

and I*® is a minimal injective resolution of N, then

H: (M, N) ~ H'(HY (Hom (M, I*))) ~ H'(Hom (M, H (I*))).
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We would like to know what facts from the standard theory of local co-
homology carry over to the generalized case. We are most interested in the
vanishing of generalized local cohomology modules. We have some analogue of
Theorem 2.16 from [18, Theorem 3.2] and [28, Theorem 2.3]:

Theorem 3.2 (Vanishing). If M and N are finitely generated A-modules,
then
inf{i : H,, (M, N) # 0} = depth 4 (N).

If in addition, pd 4 (M) < oo or ida(M) < oo, then
sup{i : H, (M, N) # 0} < dim(A).

The second statement above can fail in at least two ways. Let (4, m, k) be
a local ring with finitely generated A-modules M and N. If M does not have
finite projective dimension, then let I® be a minimal injective resolution of k.

By Proposition 3.1
H: (M, k) ~ H"(Hom 4 (M, HY (I°))).
However, since Supp(k) = m, we have that HY (1) = I and so
Hi (M, k) ~ Ext’y (M, k) # 0 for all i.

On the other hand, if N does not have finite injective dimension, then let I® be

a minimal injective resolution of N. By Proposition 3.1 we have
H (k, N) ~ H'(Homa (k, Hy, (I*))).
But since Ass(Homa(k, E(A/p))) = @ except when p = m, we see that

H'(Homa(k,HO (I°))) = H' (Homa(k, I*))
= BExt’y (k, N),

and Ext (k, N) is nonzero for infinitely many integers i.

It is clear that HY (M, —) is a covariant left exact functor with an associated
long exact sequence of generalized local cohomology modules. However, it is
also true that HY (—, N) is a contravariant left exact functor with an associated
long exact sequence of generalized local cohomology modules. This is stated in

[18], but here we provide a different proof.

Proposition 3.3. Let A be a Noetherian ring, I be an ideal, and N be an

A-module. Given a short exact sequence of finitely generated A-modules

0—-M —-M-—->M'"—-0
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we obtain the long exact sequence:
0 — HY(M",N) — HY(M,N) — HY(M',N) — Hy(M",N) — -

Proof For two natural numbers s and ¢, apply — ®4 A/I°Tt to the short

exact sequence of finitely generated A-modules
0O—-M —-M—M'—0
to get the exact sequence
0—K—M/IFT""M — M/IT "M — M"/I*T"M" — 0,

where K is the kernel of the map from M’/I*T*M’ to M/I*T*M. Note that

M' NI M
K=-—"_"-_ -
[T M7

Break off the following exact sequences

0—K—M/I*""M" - Z — 0,
0—Z— M/I*""M — M"/I*T"M" — 0,

to see that:
MI/IS+tMI M/

= M AT+ = M I+

By the Artin-Rees Lemma we see that for some s and all ¢t we have
M NIFTM = 1" (M N I°M).
Additionally, for any given ¢, there exists some 7 such that
I'M'c M'NISTPM =T"(M' N IsM) Cc I' M.

Hence the sets I*(M’' N I°M) and I'M’ are cofinal with respect to t. Thus we
see that _ _
lim Ext’y (Z, N) ~ lim Ext’y (M'/I'(M' 1 I°M), N)
¢ ¢
_ (3.1)
~ lim Ext’y(M'/I'M’, N),
¢

—

and so the short exact sequence

0—Z— M/T*"'"M — M")I*T*M" — 0
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leads to:

0 — Hom(M" /I***M" N) — Hom (M /I*** M, N) — Hom(Z, N) ->

Q Exth (M" /It M"  N) — Exty (M/I*t**M, N) — Ext}y(Z, N) — - - -

Taking the direct limit with respect to ¢ of each term above, and applying (3.1)

we are done. |

Since for any nonzero finitely generated A-module N, N/mN is a finitely
generated A/m-vector space, it is not hard to show that one could take S;
to either be Syz;(A/m) or Syz;,(N/mN) for any nonzero finitely generated A-
module N when studying the map Ext’ (M /mM, S;) — H (M, S;).
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Main Results

4.1 Connections to the Canonical Element

Conjecture

First we show a strong connection between the Canonical Element Conjecture
and the maps Ext’y(M/mM, S;) — H: (M, S;).

Proposition 4.1. Let (A, m) be a local ring, then
Ext’ (A/m, Syz,;(A/m)) — H. (Syz,(A/m)) is nonzero
if and only if for all nonzero finitely generated A-modules M
Ext’ (M /mM, Syz;(A/m)) — H’ (M, Syz;(A/m)) is nonzero.

Proof The reverse implication is clear. To see the forward implication, note

that for any finitely generated A-module M we may write
A" — M — 0,

where r is the number of generators in a minimal generating set of M. Apply-
ing — ®4 A/m, we see that A"/mA” ~ M/mM. Thus we have the following

commutative diagram:

Ext% (M /mM, Syz;(A/m)) —— Ext’, (A" /mA”", Syz,(A/m))

J g

H;, (M, Syz,(A/m)) —————— H; (A", Syz,(A/m))
By assumption
Extly (A/m, Syz;(A/m)) — H}, (Syz;(A/m))

is nonzero. From the definition of generalized local cohomology and the fact
that Ext commutes with finite direct sums, we see that the right vertical map

is nonzero. Hence the left vertical map is nonzero. |
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From Theorem 2.20, we see that given a local ring (A, m) of dimension n,
the maps
Ext); (A/m, Syz,(A/m)) — H;,(Syz;(A/m))

are nonzero for 0 < ¢ < n — 1. Hence by Proposition 4.1, we see that for all

finitely generated nonzero A-modules M the maps
Ext’y (M /mM, Syz,(M/mM)) — Hi (M, Syz;(M/mM))

are nonzero for 0 < ¢ < n—1. We will now give a direct proof of this fact, using
a line of reasoning similar to that found in [8, Theorem 3.2] and [11, Theorem
1.2]. The proof of this fact will illuminate connections that we will utilize later

in this paper. We need the following proposition, [5, Proposition 1.1]:

Proposition 4.2 (Dutta [5, Proposition 1.1]). Let A be a local ring and let
G, : 5 Gy G — G

be a complex of finitely generated free A-modules with Hy(Go) = M. Let N be
a submodule of M. Then we can find a complex Lo of finitely generated free

modules and a map 1), : Le — (G4 such that:
(1) Ho(Ls) = N.
(2) H;(Ls) ~ H;(G,) for all positive i.
(3) If G is minimal, then so is L.
(4) Cone(tps) is a resolution of M/N.

The above proposition is useful for constructing maps of complexes from a
single map of modules, even when the target complex is not exact. This fact

will be utilized in the theorem below.

Theorem 4.3. Let (A, m) be a local ring of dimension n. For all nonzero finitely

generated A-modules M the canonical map
Ext’ (M/mM, S;) — Hi (M, S;)
is nonzero for 0 < i < n — 1, where S; = Syz,(M/mM).

Proof Argue by way of contradiction. Suppose that for some integer 0 < 7 <
n — 1, the map
Ext’y(M/mM, S;) — Hi (M, S;)

is zero. Then for ¢ sufficiently large, the canonical map

Ext’ (M/mM, S;) — Ext’y(M/m'M, S;)
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is zero. Let
"'—>Ei>Fi—l—>"'_’Fli>F0—>M/mM—)0

and

—>GZL>G171—>—> Gli*G0—>M/th—>0

be minimal free resolutions of M/mM and M/m!M respectively. Consider the
following commutative diagram, where o is a lift of the canonical surjection
M/m!M — M/mM, T; = Syz,(M/m'M), and ¢ along with tg are canonical
injections:

G; Gi-1

) \ / Y
/
ltpi T; s ‘/@il
\ Ve

F;

S

/
/
l i Fi_y
=

S,
Set (—)Y = Homy4(—, S;) and note that

Ker (7% 1)
Im(7;)
- Homy (T3, S;)

()

ExtYy (M/m'M, S;) =

By assumption, the class of ¢; is zero in Ext’y (M /m!M,S;). Thus the image
of @i 1|7, is zero in Ext’y(M/m*M,S;), by the commutativity of the diagram

above. Hence the image of the class of ¢;_1|7; is in Im(7,”). So there exists

51Gi71 —>S1

such that d ot = @;—1|1,. Now set

i = i1, — 6oL,

Pi—1:= Qi1 —1500.

Noting ¢; = 0 on T;, we have the following commutative diagram with exact

TOWS:
0 T; Gi1 T; 1 0

JO J@i 1 J/S"i2
0 S Fiy Ti 0

If we continue to lift the map @,;_1, the vertical maps of higher degree can be
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taken to all be zero. Thus we have the following situation:

Gi Gi,l Gl M/thHO
F—2 0 F e Fy M/mM ——0

Apply (—)* = Homa(—, A) to the diagram above to obtain:

0 — Ext’y "(M/mM, A) —— Fi_/Im(07_;) —— Im(07) —— 0

-~ ~x
-7 Pi-1 0
P

0 — BExty '(M/m!M, A) —— G;_;/Im(7}"_ ;) —— Im(7}) —— 0

Since the far right vertical map is 0, we obtain a lift £ making the above diagram

commute. Thus we see that the composition
Fy/Im(of_y) — Extf:l(M/th, A) = Gi_y/Im(rj_y) — Im(7])  (4.1)

is the zero map.
From Proposition 4.2, [5, Proposition 1.1], we obtain a minimal complex L,

such that the following diagram commutes:

i i1

L; Li_1 Li_o— "'HLoﬁEXtZ_l(M/th, A) +0
J Jwil Jwiz Jdlo J/
0 G§ G1 e Gl — G/ Im(7724) — 0 (42)

N R R

Li1+Lia®G5+Lig®GY »-+-» Gy ———TIm(7]) ———0

Note that the bottom row is the cone of 1, which again by Proposition 4.2, is
a minimal free resolution of Im(7). In particular, note that by the definition

of the mapping cone we have:

Liy—Li2® GS
U= (=X (1), =vi—1(1))
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Now consider the following commutative diagram:

0 Fg e Fl* RN Fl*—l — Fi*_l/lm(o—;—l) —0
Vi /
I
/
O // GS V GT 7 G’T*l — ijl/:[m(’rz*il) — O
l //(O,HG(’;)l ,/ J l l
v 4

Lisi—Li2®Gy—Lis®Gl — - — G ———TIm(7]) —— 0

By the composition given in line (4.1), the lift given above is homotopic to zero.

Thus there exist homotopy maps h, h’ such that:
/ *
(=Ai—1, =i—1) oh+ R o005 = (0,1g;)
However, Im(o) C mFY, thus we see:

Im(¢p;—1) = Im(—v;—1) = G}

This together with diagram (4.2), shows that there are minimal generators of
L;—; which are not in Im(});), namely the ones that map onto the minimal

generators of G§. Thus
L4

Coker(\;) = ()

has a free summand. By construction, the homology of L, is:

Ext’,? "' (M/m!M, A) for j < i,
0 for j >

Hj(L,) =

Note that £(H;(Ls)) < oo for all j. Moreover, if d = depth(A), for j > i — d,
H;(L,) = 0. Thus for 0 <i < n—1, L, satisfies the hypothesis of Theorem 1.1,

[6, Theorem 1.1], and the cokernel of A; has a free summand, a contradiction. W

While the validity of [8, Theorem 3.2] and [11, Theorem 1.2] both rely on
the validity of the Improved New Intersection Conjecture in equicharacteristic,
the argument above relies on Theorem 1.1, [6, Theorem 1.1]. This observation
is interesting since the Improved New Intersection Conjecture is a statement
about complexes that seems meaningful only in degree less than the dimension
of the ring, while Theorem 1.1 is a statement that is meaningful in any degree.
Despite this seeming advantage, it seems difficult to use it to obtain a stronger

result.
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4.2 Infinite Projective Dimension

In the case of standard local cohomology, the local cohomology modules all
vanish above the dimension of the ring. This is not necessarily the case for
generalized local cohomology. Thus given a local ring (4, m) and a finitely

generated nonzero A-module M, we may construct the following commutative

diagram:
So &1 di—2 . 0i—1 8
EO El ce Ezfl E¢
Jﬂo l'ﬂl Jﬂll J/'L?,L
go gl E'L72 . 31'71 . SI
HO Hl ce Hz—l H

Here E' = Ext%(M/mM,S;), H* = H! (M, S;), S; = Syz;(M/mM), and the
vertical maps are from the definition of HZ (M, —). Since E? is an A/m vector
space and its generators are preserved by the §;’s, the commutativity of the
diagram shows that if ¥; is nonzero, then ¥}, is nonzero for 0 < j < 4. Our next
theorem gives a construction for modules such that 1J; is nonzero, even when

the validity of the Canonical Element Conjecture is unknown.

Theorem 4.4. Let (A, m) be a local ring which is not regular and let (P,, pe)
be a minimal free resolution of some finitely generated A-module @QQ of infinite

projective dimension. If M = Coker(p}) for some i > 2, then the canonical map
Ext’y (M/mM, S;) — HL (M, S;)
is nonzero, where S; = Syz,(M/mM).

Proof Argue by way of contradiction. Suppose that for some natural number
i, the map
Ext’y(M/mM, S;) — Hi (M, S;)

is zero. Then for ¢ sufficiently large, the canonical map
Ext’ (M/mM, S;) — Ext’y(M/m'M, S;)
is zero. Let
i B — o — P TS Fy— M/mM — 0

and

—>GZL>G171—>—> Gli*G0—>M/th—>0

be minimal free resolutions of M/mM and M/m!M respectively. Consider the
following commutative diagram, where @, is a lift of the canonical surjection
M/m!M — M/mM, T; = Syz,(M/m!M), and ¢ along with ts are canonical
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injections:

G; o Gi—1
\ / /
v
l% T: Y l%l

F;

1
/
/s
l Fi_4
/
\4/

S

Si

Set (—)Y = Homy4(—, S;) and note that

Ker (7% 1)
Im(7,)
~ HOmA (Ev SZ)

- Im(r)

ExtYy (M/m'M, S;) =

By assumption, the class of o; is 0 in Ext’y (M /m?M, S;). By the same argument
used in the proof of Theorem 4.3, we obtain the following commutative diagram

with exact rows:

0 T; Gi—1 T 0
Jo J/Szil J/‘P12
0 S; Fi4 Si—1 0

Thus WLOG we may assume that ¢; is the zero map. Now apply the functor
(—)* = Homu(—, A) and write:

00— Ker(o}) EFry Im(of) ——0
/
Im(o} ;) - Pia 0
o
0 ——|— Ker(7}) Gr_,4 Im(7}) ——0
<1
Im(Ti*—l)

Here ¢ : F |, — Ker(7}) is a homomorphism obtained from the right hand

square of the commutative diagram above. Setting ¢* = npf_lhm(,,;il) and

*

letting v : Im(o}_;) — F;*; and 1 be the canonical injections, we have that:
Yo  =couip (4.3)

Let

--—>Lii>Li_1—>---—>L1£>L0—>Ker(7i*)—>0
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be a minimal free resolution of Ker(7;*) and write:

0 Fy Fr - Fiy Im(o7_4)
J ®0 Jw’{ Jﬂj2 Jw*
0 Gy —— Gi - o —»Im(ry)
J/ J/¢i2 J"Z&’S J/TZJO Jw
i1 Ai—2
Li,1 Li,Q Li,3 s LO Ker(ri*) —0

However, we also have the following commutative diagram:

0 Fy 71 Fy e B g 3 Ff g —» Im(o’?—ﬁ
T TR
0 0 0 e 0 Fry By 0
Lo L] Lok
Ai—1 Ai—z M
Liwy—Lio——Li3g—>-- Ly Lo Ker(7f) —0

By (4.3) above we see that we have two lifts of the map v o ¢* = € otp. Hence

we have homotopy maps g and g’ such that

Yi—g0ops=N_109+g oo}, hence
Im(th;—2 0 f) =Im(\;—1 09+ g 0 07),

with right hand side of the above equation contained in mL;_o as the maps \;_1

and o7 are minimal. This leads to a contradiction as we will now show that:
Im(i—2 0 ) € mLi—s
Recall the construction of M and write:

Fy Py P3 o — P —— P M 0

F o R

Gi—Gio1—Gig— - —— G —— Go— M/m!M — 0
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Apply (—)* and look at:

where U = Syz,(Q) and v = 0 ;|Ker(r). Letting 0 = ~ o1, we have the

following commutative triangle:

From our work above, we have three complexes G — Im(7/ ), Lo — Ker(7}),
and P, — U. Let 1, be a lift of 1, 7, be a lift of v, and note that 07 lifts 0. We
may put these lifts and complexes together into a long commutative diagram

which we examine near degree ¢ — 2:

N
1

\1/%2 \
L,L-73 S

\ 05
L1 L;_»
GRSy 53 P

Py

Since 07 and e 0 1, are both lifts of 0= v o1, we see that there are homotopy
maps, h and h’, such that:

05 —Vi—2 0i—a = pig1oh+h o
However, Im(p;11 o h + h' o 7f) C mP;, and so
(05 —vi—20ti2) ®a A/m = 0.

Hence 6 and y;—2 o ¢;_2 agree on minimal generators modulo m. Thus we see
that Im(v;—2) ¢ mL;_5 and so Im(e);_2 0 ¢f) ¢ mL;_3, a contradiction. [ |

By the discussion given at the beginning of this section, we see that if we

construct an A-module M such that for some 7 > 2
Ext’y (M/mM, Syz;(M/mM)) — Hy, (M, Syz,(M/mM))
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is nonzero, then
Ext?, (M /mM, Syz,;(M/mM)) — HI, (M, Syz,;(M/mM))

is nonzero for all 0 < 5 < ¢. One may wonder if there are rings and modules

such that the map
Extyy (M/mM, Syz;(M/mM)) — H;, (M, Syz,(M/mM))

is nonzero for all 7 > 0. Our next corollary answers this question in the affirma-

tive:

Corollary 4.5. Let (A,m) be a nonregular Gorenstein ring of dimension n.
Then there exist infinitely many isomorphism classes of finitely generated A-

modules M such that the canonical map
Ext’y (M/mM, Syz,(M /mM)) — H (M, Syz;(M/mM))
is nonzero for all i > 0.

Proof Consider a module M constructed as in Theorem 4.4 where ¢ = n + 1.
Let Fy be a minimal free resolution of M/mM and let S; = Syz,(M/mM).
Write

O—>Sn+2—>Fn+l—>Sn+l—’O

and look at the corresponding long exact sequences of Ext and generalized local

cohomology modules:

Ext T (M/mM, S, 1) — Ext’s™2(M/mM, S, 2)

I |

H (M, Fpr) —— HEY (M, Sppy) ——2——— HIF2(M, S, o)

Since A is Gorenstein, A has injective dimension n or less. Thus
H M (M, Fop) = lim Ext’y ™ (M/m' M, F, 1) = 0.
Thus § above is injective, and so
Ext™"2(M/mM, Spi2) 2o H2 (M, S,i0).
A similar proof will work for any ¢ > n. ]

Remark. It would be interesting to know if there are non-Gorenstein rings such
that H (M, A) = 0 for i > 0, where M has infinite projective dimension.
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4.3 Cokernels and Free Summands

Using a technique similar to the one used in the proof of Theorem 4.4, we
can now construct infinitely many isomorphism classes of complexes L,, as
described in the hypothesis of Theorem 1.1, such that Coker(),,) cannot have a

free summand.

Theorem 4.6. Let (A, m) be a local ring of dimension n and depth d such that
n —d > 1. Then there exists infinitely many isomorphism classes of complexes

of finitely generated free modules
L. : e LM L s s L [ — 0

such that:
(1) Ho(La) £0.
(2) £(Hi(Ls)) < oo.
(3) Hi(Le) =0 fori>n—d.
(4) Coker(\,,) does not have a free summand.

Proof For n < 3, the result follows from Theorem 1.1 and the work of Heit-
mann [16]. Assume that n > 3 and let

D, : ..._>pl.ﬂ>pi71_>..._>p1£>p0_>Q_>0

be a minimal free resolution of any finitely generated A-module @ of infinite

projective dimension. Let M = Coker(p}), where (—)* = Hom4(—, A) and let
F,: i B F o — P TS Fy— M/mM — 0

be a minimal free resolution of M. Write:

Py Py P5 o— Py — P M 0

J/en J/enl lOnQ J/el 00 J@

FnHanlﬂFn72*>"' Fl FQ M/mM*)O

Working as in the proof of Theorem 4.4, set U = Syz,(Q), v = 0;,_1|Ker(or)>

and let § = ~v o). We have the following commutative triangle:

37



Let (Ge,Tes) be a minimal free resolution of Ker(c*). Let 1o be a lift of 1, e
be a lift of v, and note that 87 lifts 0. We may put these lifts and complexes

together into a long commutative diagram which we examine near degree n — 2:

%3

0 Fy Fy

\%1 o Y 2

Gn—l _— Gn—2 Gn—3
Pn+1 Pn Pn—l

Now look at the mapping cone of 1,:
=Gy =2 Fi oG = oG, 2 — - = F,_,®G — Gy

Let (Lo, As) be the minimal subcomplex of the mapping cone of ¢,. Note that

since

Yn—2 © wn72 = 98

is the identity homomorphism, v¢,_2 : Fj — G,_2 is an injection. Hence,
Coker(A,,) has a free summand if and only if Coker(7,,) has a free summand.

To show that Coker(7,) cannot have a free summand, we will use the same
technique as used in the proof of [6, Theorem 1.1]. Suppose that Coker(r,) has
a free summand. Write Coker(7,) = A @ B and consider the following exact
sequence:

0 — Coker(,) = Gp—2 — Im(7,,—2) — 0

From this we obtain two more exact sequences:

0—-A—-Gpo—V—=0
0—-B—-Gpo—W-=0

Here V and W are the cokernels of the maps A — G,_2 and B — G,_2

respectively. Since Coker(7,) = A @ B we obtain the short exact sequence:
0—>Gro— VW —In(r,—2) —0 (4.4)

However, by repeatedly applying Proposition 2.10, depth(Im(7,,—2)) = n—2 and
so we conclude that depth(Im(7,—2)) = d. Since the projective dimension of V'
is 1, it has depth d— 1. This is a contradiction, as by (4.4) above, depth(V & W)
must be at least d. Hence Coker(7,,) does not have a free summand and therefore
neither does Coker(\y,).

Now we’ll examine the homology of Le. Since L, is a minimal subcomplex
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of Cone(t), ), we have
H;(Le) = Ext” "1 (M/mM, A)

for ¢ > 0. To see this when ¢ > 1, consider the long exact sequence associated
to the mapping cone. To see this when 0 < ¢ < 1, consider the following exact

sequences:

I .
0— Hyi(Ls) — m — Im(o)_41) — 0
and
0 —Im(c)_;) — Ker(o}) — Ho(Les) — 0
Thus:

(1) Ho(Le) = Ext’ ' (M/mM, A) # 0.

(2) £(Hi(Le)) < oo.

(3) Hi(Ls)=0fori>n—d.

(4) Coker(\,,) does not have a free summand.

Thus L, is a complex exhibiting the desired properties. |
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